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NEAR FIELD DIFFRACTED AT A DIELECTRIC WEDGE 

A. A. Aleksandrova and N. A. Khizhnyak UDC 538.566+ 621.371 

The in tegra l  equations of m a c r o s c o p i c  dynamics  [2] a re  used in [1] as the bas i s  of a solution to 
the p rob lem of the diffract ion of a plane e l ec t romagne t i c  wave with a known pola r iza t ion  at a 
r ec t angu la r  d i e l ec t r i c  wedge, Exp re s s ions  a re  given in this p a p e r  fo r  the total e l ec t romagne t i c  
field both ins ide  a d ie lec t r i c  wedge of a r b i t r a r y  f l a re  angle and outside the wedge. The method 
used i s  the s a m e  as in [t].  

I .  F i e l d  S t r u c t u r e  i n s i d e  t h e  D i e l e c t r i c  W e d g e  

Suppose that a plane e l ec t romagne t i c  wave is incident on a d ie lec t r ic  wedge of a r b i t r a r y  f la re  angle ~ .  
The d ie lec t r ic  pe rmi t t i v i ty  e and the magnet ic  pe rmeab iUty  p of  the wedge are  in genera l  complex and of 
a r b i t r a r y  value. Without loss  of genera l i ty ,  we can choose the polar iza t ion  of the incident wave so that the 
field has  the nonzero  components  

where  

Eo ---- (E~o, 0, 0), H -- (0, //oo, H~o), 

E~0 (P, g) = ExSAPc~ 

r is the angle of incidence reckoned f rom the face w = 0 (Fig. 1}o 

Then the field inside the wedge will have the s a m e  polar iza t ion  and nonzero field components  E = (Ex, 0, 
0} and H = (0, Hp,  I I~ ,  where Hp, Hq~ are cyl indr ical  field components .  The field can be r ep re sen ted  as a se t  
of plane r e f r ac t ed  waves  and an edge wave in the f o r m  of a Sommer fe ld  in tegra l  

j G~ 

(1.1) 

, }~. zti . . . .  t+i - -  (P) 2b ,i e~'~176 (n- -  q~) " ](n) d~] ' 
Go 
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F i g .  1 F i g .  2 

L e t  u s  c o n s i d e r  the  f i r s t  p a r t  o f  t he  s o l u t i o n -  the s e t  o f  p l a n e  r e f r a c t e d  w a v e s .  T h r e e  s i t u a t i o n s  a r i s e ,  

d e p e n d i n g  on how the  f a c e s  of  the  w e d g e  a r e  i l l u m i n a t e d  by the  i n c i d e n t  w a v e .  We t a k e  t h e s e  c a s e s  s e p a r a t e l y .  

If  the i n c i d e n t  w a v e  i l l u m i n a t e s  on ly  o n e  f a c e  (~0 = 0 o r  ~o = c~), t hen  o n l y  one  r e f r a c t e d  w a v e  i s  e x c i t e d  
i n s i d e  the  w e d g e  (and th i s  l i e s  in  the  r e g i o n s  0 -< ~0 -< Pl o r  ~2 -< ~o _< o~, r e s p e c t i v e l y ) .  T h e  w a v e  a m p l i t u d e s  a r e  

d e f i n e d  by e q u a t i o n s  w h i c h  c o r r e s p o n d  to the  F r e s n e l  e q u a t i o n s :  f o r  i l l u m i n a t i o n  of the  g0 = 0 f a c e  

2Eox sin r �9 cos ~Pl " i t 
AI =: sin (% ~- r + (~ - -  l) sin To " cos ~Pl ' 

(1.2) 

and  f o r  i l l u m i n a t i o n  of  the  r = o~ f a c e  

2Eox sin (rz - -  %) . cos (r --  ~2s) �9 
A2 = sin (2a - -  % --  % ) +  (~ - -  t) sin (a - -  %) �9 cos (~ --  ~P'z) ' (1.3) 

w h e r e  the  r e f r a c t i o n  a n g l e s  Pl and ~ ,  m e a s u r e d  f r o m  the  f a c e  ~o = 0, c a n  be  found f r o m  the  w e l l - k n o w n  l a w s  

f o r  the  r e f r a c t i o n  o f  e l e c t r o m a g n e t i c  w a v e s  a t a  b o u n d a r y  w i t h  a d i e l e c t r i c :  w i th  the  g i v e n  g e o m e t r y  we h a v e  

V ~tt cos  ~ = cos  (~o, V s ~  cos  ( a  - r = cos  (~  - ~o). (1.4) 

In t he  g e n e r a l  c a s e  w h e n  bo th  f a c e s  o f  t he  w e d g e  a r e  i l l u m i n a t e d  (0-< ~o 0 -< (~) we h a v e  two r e f r a c t e d  w a v e s  

w h o s e  a m p l i t u d e s  a r e  g i v e n  by (1.2) and (1.3).  H o w e v e r ,  we  m u s t  d i s t i n g u i s h  v a r i o u s  c a s e s .  

A s s u m e  tha t  t h e  d i e l e c t r i c  w e d g e  i s  m a d e  f r o m  a m a t e r i a l  f o r  w h i c h  ep > 1; t h e n  t h e  f o l l o w i n g  s i t u a t i o n s  

a r e  p o s s i b l e .  

1. If  ~ < 7r/2, t h e n  bo th  r e f r a c t e d  w a v e s  e x i s t  at al l  p o i n t s  i n s i d e  the  w e d g e .  T h u s  f o r  e a c h  of  t he  i n t e r n a l  

p o i n t s  r E V the r e f r a c t e d  p l a n e  w a v e  i s  of  the f o r m  

2 
A e ih'~176 (*i-~) (1.5) EPl'int== j~=i s 

w h e r e  A1, 2 and {1, 2 a r e  d e f i n e d  b y  (1 .2)- (1 .4)o  

2. I fc~> 7r /2 ,  then  we can  c o n s i d e r  t he  i n s i d e  of the w e d g e  as c o n s i s t i n g  of  t h r e e  s e p a r a t e  r e g i o n s  ( see  

F i g .  1). In t he  f i r s t  r e g i o n  t h e r e  i s  o n l y  the one  w a v e  r e f r a c t e d  at the f a c e  q~ = c~, and the  i n t e r n a l  p l a n e  w a v e  

c a n  b e  r e p r e s e n t e d  by the  s i n g l e  t e r m  

Epl - -  A~e~i~l"~cos(*~-~), c~ > q~ ~ qh. 

In t he  s e c o n d  r e g i o n  ~1 > ~0 > P2 t h e r e  a r e  two r e f r a c t e d  w a v e s  t o g e t h e r  and E p l  i s  g i v e n  by  the  fu l l  s u m  (1.5).  

In t h e  t h i r d  r e g i o n  ~2 > q) > 0 t h e r e  i s  aga in  o n l y  the one  r e f r a c t e d  w a v e  f o r m e d  by  the  f i r s t  f a c e  

Ep 1 = Atei/~,1%-Vcos(,~-~), ~P2 > q~ > 0. 

I f  t h e  d i e l e c t r i c  w e d g e  is  m a d e  f r o m  a m a t e r i a l  w h i c h  i s  l e s s  d e n s e  t h a n  the  a m b i e n t  m e d i u m  t h e n  a d d i t i o n a l  
s i t u a t i o n s  a r e  p o s s i b l e  and t h e s e  n e e d  to  be  c o n s i d e r e d  s e p a r a t e l y .  In  w h a t  f o l l o w s  we  e v e r y w h e r e  a s s u m e  e p  > 1. 
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We now c o n s i d e r  the r e m a i n i n g  t e r m  in (1.1), which is  in  the f o r m  of a S o m m e r f e l d - t y p e  i n t e g r a l  with 
the weight ing funct ion  f(v). T h i s  t e r m  g ives  the edge wave which once again is  def ined by d i f f e ren t  r e l a t i o n s h i p s  
depending  on the angle of o b s e r v a t i o n  go of the t r a n s m i t t e d  wave.  Before  t u r n i ng  to def in i te  e x p r e s s i o n s  fo r  the 
weight ing func t ion ,  we c o n s i d e r  the g e n e r a l  n a t u r e  of the d i f f rac t ion  so lu t i ons  r e p r e s e n t e d  in  the f o r m  of the 
S o m m e r f e l d  i n t e g r a l  whose con tou r  G o is  shown in  F ig .  2. Solut ions  in  this  f o r m  sa t i s f y  al l  the r e q u i r e m e n t s  
appl ied  to i n t e g r a l - t y p e  so lu t i ons  of the Maxwell  equa t ions .  

We ehn a s s u m e  that they a re  f in i t e ,  con t inuous ,  s i n g l e - v a l u e d  on the R i e m a n n  su r f a c e  fo r  al l  p > 0, have 
the r e q u i r e d  s i n g u l a r i t y  at p = 0, and sa t i s fy  the p r i n c i p l e  of r ad ia t ion  at in f in i ty  [3]. 

It  ,is not d i f f icul t  to p rove  by d i r e c t  c a l c u l a t i o n s  that the d i f f e r e n t i a l  Maxwel l  equa t ions  

i],'~tH o = (tlp)OE~/c)tp; i kFHr  . . . .  OEUOp; 

- -  i keE .~  = ( i /p)O(pHr - -  (I Ip)OH~,IO~ 
(1  ~  

s a t i s f y  (1.1) i ndependen t ly  of the f o r m  of the func t ion  f(~?). 

We now wr i t e  out the e x p r e s s i o n s  which show how the weight ing  funct ion  depends  on the angle  of o b s e r v a -  
t.ion of the t r a n s m i t t e d  wave.  We c o n s i d e r  the g e n e r a l  case  where  both f aces  of the wedge are  i l l u m i n a t e d .  

When a -  a r c c o s  ( 1 / y ~  < ~ < oz, 0 < ~ < a r c c o s  ( 1 / ~ ) ,  Re~? = go the so lu t i ons  can be  r e p r e s e n t e d  as b r a n c h e d  
func t ions  on a R i e m a n n  s u r f a c e  which is  c o n s t r u c t e d  above the p lane  of the c ompl e x  v a r i a b l e  ~?(z) fo r  the func-  
t ions  z = a r c c o s (  ~r cos  ~?), z = a - a r c c o s  [g-Eft cos  (o~- ~?)]: 

' A. sin o: V e  F_coZ. ~t . g s c ( t t , ~ j )  
f (arr os r  : :  ' n - -  n (1 .7 )  

"I . r2. o (Z-- I~ 
cos ( - ~ ' )  Aj ='n --~- V e ' a  -- c~ ( ~ )  " gsc('4 *~) 

] a_____ arccos - , (I. 8) 

where  

gs~(u, ~;) = 

[*j 
V~ i , k ~ J J  (1 .9 )  

When a r c c o s  (1/gg'8"fi) < go < ~2, ~bl < r < a - a r c c o s  (1/4"g~ the b r a n c h e d  so lu t ions  go o v e r  to the n o r m a l  s o l u -  
t ions  c o r r e s p o n d i n g  to the case  j = 1, 2 

,," cos. Aj -V~,a- cos ~ . . sin v. - .- (~, ~D. 
!,~rccos ~ / -  (1 .10)  

cos /~_ . ) ,  i .... Aj 3r -- cos:~iT.--.) . got. Cj) �9 s h ~  
/ a -  arccos ~/-~_~ ) 2~i ! ] /~ ,_c< ,s2(u_ , , )+ ,u . : i , , ( . : :_ .  ) (I.ii) 

where  

~ 04 %) :- 
(~ - l~,u T : , u -  l, l / ~  c,,~ O ' ; j  - ") 

F i n a l l y ,  when r < .go < ~bl, we get  a so lu t ion  which is  the i n v e r s e  to that  fo r  j = 1, 2 

o 

" " ~ 2.7i (Ve [ t  - -  COS c ?~ : -  ,t( sin u)  j = l  

(1.12) 
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{ 2 .  - ~ + . , c c , .  [ V ~  ~,~ ( ~ - , j ) ]  - ~,,c~,. [ V ~  ~o~ ,~]1 
>( 

C O S ( ~ - - t t ) )  . - -  si l l  e'J. ]/(:'Lt - -  COS2 ( ~  - -  t/) 
/ "Y. - -  arcc(,s _~/--.~ 2.~i [l/'s,u --c(,s ~ (~ --  u) @ p sin (~ --  u)l 

w h e r e  g (u ,  pj) i s  d e f i n e d  b y  (1.12) and Aj and ~j b y  (1o2)-(1o4).  

If  o n l y  one  f a c e  of  the  w e d g e  i s  i l l u m i n a t e d  (~v = 0 o r  r = c0 ,  the w e i g h t i n g  f u n c t i o n  i s  g i v e n  as  f o l l o w s :  
f o r  0 < ~0 < a r c c o s  (1/~-~),  c~ - a r c c o s  (1/V~g-~) < ~o < a ,  f ( 0  i s  d e f i n e d  b y  (1.7) and  (1.8); f o r  (1/v~g-~) < g) < ce - 
a r c c o s  ( 1 / , / ~ ) ,  i t  i s  g i v e n  by  (1.10) and (1.11);  j = 1 when  the  f a c e  ~0 = 0 i s  i l l u m i n a t e d  and j = 2 f o r  i l l u m i n a -  
t i on  of  the  f a c e  ~ = c~. 

2 ,  S t r u c t u r e  o f  t h e  S c a t t e r e d  F i e l d  o n  t h e  D i e l e c t r i c  W e d g e  

T h e  g e n e r a l  f o r m  of  the  e l e c t r o m a g n e t i c  f i e l d  o u t s i d e  the  w e d g e  [~r >- q~0 >- a ,  c~ _< 2 a r e e o s  ( 1 / ~ ) ]  i s  

Ex (p, q9 = ]l L V  -6- sin q,, -:- sin r  2.~ - -  % < ~ < 2 : ,  

Exo (p, rf) @ PE.,,: (P, q-'), ~< ~ 2a - -  % (p q) o, 

(2.1) 

H o ( o , , ~ )  = 

V "~- q~o) e ikP c~ (q~q'r176 Exo ( ~ sin II~ 1 --  sin 
Exo (p, q~) sin (% - -  q~) -]- • 

• s in  (~ + %) + Pu~ (0, (~), 2n - -  % ~< ~ <~ 2z~, 

E., o (p, ~c) sin (% - -  ~) + PHp (P, T), q~o ~ q) ~ 2a  - -  %,  

P n p ( p , ~ ) ,  a ~ K % ;  . 

(2.2) 

H~(p,~)  = 

w h e r e  

- -  E.~'o (9, q~) cos (qo - -%)q -  iq- PH~ (9, (9), 

(1/= ) ! ,-.-in r + s in  % 
~t 

- -  E,. o (9, ~) cos ((~ - -  %) + Pnr (P, r 

PH~ (P, q)), 

% < ~ q ~ < 2 a - -  %, 

sin --~ {!, eihPc~ e~k~ c~ 

~ (a, 2n); 

PE~ (P, (~) = 

(z 
sin -~- 4~in~{!e~pc~ ' !ei~PC~ (p ~ (~, a);  

65 

Prtp(o,q~) = ~  elhpc~ . c(u)du + S ei~)c~162 ' 
1 Gz  

q~ ~ (.% 2:~); 

(2.3) 

(2.4) 
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sin-g-{!e{bOc~ 
+ a,'f e'~~176176176 q ~ ( g ,  a); 

sin --~- _ e~~176 cos (u + ~)-  c(u)du + 

�9 Zcfei~c~ (p ~ (~, 2a); 

sin~ {__aS e~kOcos(u_r - 

+ a,S ei~~176 (u)cos(u + qo - -  2~).  c(a -- u) du}, (~ ~(u,  cr 

g(u) i s  g iven  by  (1.9), 

c ( u )  = 

"3 ZL 1//e~t -- cos n - -  ,u sin -~ 

2 /g /2 
V e ~ t - -  cos -~- + T. t sin'-~ 

and the con tou r s  G I and G 2 a r e  def ined,  r e s p e c t i v e l y ,  by the equa t ions  of the c u r v e s :  

u = arccos ( (  e~ cos q), ~ E Go; 

u = a - -  arccos[Vett cos (cr - t])I, q E Go. 

I t  can  be  shown that  the  s c a t t e r e d  f ie ld  c o m p o n e n t s  (2.1)-(2.3) ,  which have  been  d e r i v e d  f r o m  the i n t e g r a l  M a x -  
wel l  equat ions  [2], a l so  s a t i s f y  the d i f f e r en t i a l  Maxwel l  equa t ions  (1.6). 

3 .  F i e l d  S t r u c t u r e  i n  t h e  N e i g h b o r h o o d  o f  t h e  W e d g e  F a c e s  

F o r  the f i e lds  ins ide  and ou ts ide  the wedge  we a l r e a d y  have  exp l i c i t  e x p r e s s i o n s  which sa t i s fy  the M a x -  
well  equat ions  and so  we can i m m e d i a t e l y  p r o c e e d  to a s tudy of the f ie ld  s t r u c t u r e  in the ne ighborhood  of the 
f aces  and to a s i m u l t a n e o u s  ve r i f i ca t i on  of the c o r r e c t n e s s  and va l id i ty  of  the whole  me thod  of c o n s t r u c t i n g  the 
so lu t ion  to the d i f f r ac t ion  p r o b l e m .  We have  to check  that  the so lu t ions  s a t i s fy  the bounda ry  condi t ions  on the 
s ide  f a c e s  of the wedget  

Et~c= Et i  n, H~sc----- Ht i  n, Dnsc=Dn,m, B , s c = B . i n  for r ? = 0 ,  q~ =vr where Et = Ex, H, = Ho, Bn = B~. 

In o r d e r  to s a v e  s p a c e ,  we g ive  de ta i l ed  ca l cu l a t i ons  f o r  two c a s e s  only: we d e r i v e  the e x p r e s s i o n  f o r  E x 
in the ne ighborhood  of the f ace  r = 0 and at  the s a m e  t ime  we check  that  the tangent ia l  c o m p o n e n t  of the e l e c t r i c  
f ie ld  is  cont inuous a t  ~v = 0 and~v =c~, We m a k e  the change  of  v a r i a b l e  ~7 -~v=  u in the i n t e g r a l  t e r m  of (1.1) and 
we expand the weight ing  funct ion u n d e r  the i n t eg ra l  s ign into a T a y l o r  s e r i e s  in the s m a l l  p a r a m e t e r  ~~ L i m i t -  
ing o u r s e l v e s  to the f i r s t  two t e r m s  in the expans ion  and subs t i tu t ing  the actual  va lues  of A, $, f [ a r c c o s ( c o s  (u /n ) /  
~ ' ~ ) ]  f r o m  (1.1), (1.4), and (1.7), we ge t  the fol lowing e x p r e s s i o n  fo r  the in te rna l  f ie ld fo r  s m a l l  ~v: 

Exoeikpc~ sin % . sin -~- ~ e lkpc~ (u)sin -~- du 
Ex(p, 0)--'-- - - - -  " "~" u I" e~pg~cos~f~(~l)dl 1. (3.1) 

( V T .  . ) ~ . ,  ~ + ~ ' (o) ; , (p)= - '~  Sin ~z "t- s i n  q~O G1 V ~ p ,  - -  COS2"~-~ ~x s in"  ~ rI~G~--~P 
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The f i r s t  e x p r e s s i o n  in (2.1) for  the E x c o m p o n e n t  of the s c a t t e r e d  field e n a b l e s  a so lu t ion  to be cons t ruc t ed  
on the face 9 = 0, where  PEx(P, q~) is  g iven by the f i r s t  equa t ion  in  (2.4). In o r d e r  to get  the boundary  value 
of the f ie ld  we c a r r y  out the fol lowing t r a n s f o r m a t i o n s .  We reduce  the i n t e g r a l s  to a s ingle  con tour  G 1 because  
the i n t e g r a n d  is  ana ly t i c  o v e r  the i n t e r n a l  r eg ion  D1 + (defined by the con tour  F = G 1 ~ G2). After  some  s i m p l e  
a l g e b r a  we find that the va lue  of the s c a t t e r e d  f ield fo r  sma l l  (p is  a lso  g iven  by (3.1), where  

O~ 
= _ _  sin n { 

It  can  be s een  f r o m  (3.1) that the i n t e r n a l  and s c a t t e r e d  f ie lds  a re  i den t i ca l  on the face 9 = 0. 

A s i m i l a r  t es t  fo r  the cont inu i ty  of the t angen t i a l  componen t  of the e l e c t r i c  f ie ld  can be made on the bound-  
a ry  9 = c~ except  that (1.8) i s  now used fo r  the weight ing  func t ion  in the i n t e r n a l  f ield and the con tour  G l i s  
de fo rmed  in to  the con tour  G 2 in  the i n t e g r a l  t e r m  of the s c a t t e r e d  f ie ld,  fo r  which the l a s t  equat ion in  (2.1) e n -  
ab les  the so lu t ion  to be c o n s t r u c t e d  on ~ = o!. The bounda ry  va lues  of the i n t e r n a l  and s c a t t e r e d  f ie lds  on the 
face q~ = c~ a re  then iden t ica l  (9 < a) :  

o oco ct 
sin "~ du 

Ex (p, ~) -- 2~in 
sin ~z-- u 

If we c a r r y  out s i m i l a r  o p e r a t i o n s  for  the r e m a i n i n g  f ie ld  componen ts  (1.1), (2~ and (2.3) we s e e  that 

Htsc= Htin, B,,sc= B.i n for q~ = 0, q~ = r162 

F o r  the case  where  there  a r e  no r e - r e f l e c t i o n s ,  Joe., l a rge  f l a re  angles  and s m a l l  angles  of i nc idence  as 
m e a s u r e d  f r o m  the su r f ace  n o r m a l ,  we can d i s t i ngu i sh  the fol lowing r e g i ons  in  the i n t e r n a l  and e x t e r n a l  f ie lds  
fo r  i l l u m i n a t i o n  of the r = 0 face.  In the shadow reg ion  of the s c a t t e r e d  f ield where  a < q < 90 the re  i s  only 
the edge wave (for k p v ~  >> 1 i t  is  a c y l i n d r i c a l  wave) and for  27r - ~0 > ~ > (P0 there  is  the inc iden t  and the 
edge wave.  Thus  the r ay  9 = r i s  the b o u n d a r y  be tween  the i l l u m i n a t e d  reg ion  and the shadow reg ion  90 > 9 > c~. 
S i m i l a r l y ,  the r ay  ~ = 27r - r i s  the b o u n d a r y  be tween  the r eg ion  where  the re  i s  a r e f l ec t ed  wave (27r - 90 < ~< 
27r) and the r e g i o n  where  the re  is no r e f l e c t ed  wave (90 < 9 < 2 v -  9o). In the i n t e r n a l  wedge-shaped  reg ion ,  
the shadow b o u n d a r y  r = Ct d iv ides  the phys i ca l  space  into two sec t ions :  0 -  < 9 < - 91 and 91 <- 9 -< a .  In the 
f i r s t  of these  the c y l i n d r i c a l  wave i n t e r f e r e s  w i t h t h e p l a n e  r e f r a c t e d  wave~ In the g e o m e t r i c a l  shadow reg ion  
(r ~ 9 _<a) the c y l i n d r i c a l  wave is  i so la ted  f r o m  the o the r  waves .  N e a r  the shadow bounda ry  9 = ~l, ~0 �9 ~ -  90, 
i . e . ,  in  the p e n u m b r a  zone ,  the f ield i s  m o r e  compl e x  and cannot  in g e n e r a l  be e x p r e s s e d  in t e r m s  of p lane  
and c y l i n d r i c a l  func t ions .  A m o r e  de ta i led  s tudy of the edge wave shows that  in  the ne ighborhood of q~ = 91 the 
f ie ld  is  equal  to 

�9 , - - -  , . . . . .  11_;-k~m~p..,o 
t ' ' '32"~'2~i](ql[cos(~--cf)--l] . 

- -  so ~ e~g'dg, 
.... (3~ 

with f(r g iven  by (1.11). The i n t e g r a l  which a p p e a r s  in  (3.2) is the F r e s n e l  i n t eg ra l ;  i ts  l ow e r  l i m i t  is  equal  
to in f in i ty  in abso lu te  va lue  and i ts  s ign  is taken f r o m  that of s in  [(p - ~ / 2 ] .  Thus  the lower  Umi t  changes  s ign 
a c r o s s  the p l a n e - w a v e  bounda ry  ~0 = 9 and the i n t e g r a l  unde rgoes  a d i scon t inuous  j ump  which e n s u r e s  that the 
d i f f rac t ion  field is  con t inuous  a c r o s s  the shadow bounda ry .  

l o  

2. 
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